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Abstract 

An N = 2 supersymmetric model using Kahler fields is proposed. It is a mod- 
ified version of two-dimensional Benn- Tucker model. It indicates a geometrical 
origin of iV = 2 supersymmetry. 
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Kahler proposed |2| a description of fields with half-integral spin in terms of differ- 
ential forms. All physical fields are described by inhomogeneous differential forms in his 
framework and Clifford product between differential forms is introduced for economical 
description. Especially (massless) fermionic Kahler field if) obeys 

dip = dx^ip = (d + d*)ip = , (1) 

which is called Kahler-Dirac equation (KDE, in short). Here is the covariant deriva- 
tive, d is the exterior differential, d* = * _1 d* is its adjoint and juxtaposition denotes the 
Clifford multiplication. KDE generically describes 2^1-fold degenerate fermions in n- 
dimensional space-time. The degeneracy can be removed by ideal decomposition & |3| 
of Kahler field, which does not work in general curved space-time, whilst there are 
attempts to interpret it as an origin of fermion 'generation' [||. [|. 

KDE has been studied from miscellaneous aspects, that is, supersymmetric exten- 
sions @-|§, lattice theories HHplJ, Kaluza-Klein theories |17|-p0|, phenomenological 



considerations |L9|, plJI , quantization procedures [||, |22|, Q and possible modifications 



for curved manifolds || |^, [Ll| pCj] . Among them, Benn and Tucker proposed j7J an 
attractive model which has a certain Fermi-Bose symmetry described by Kahler fields. 
Hereafter we shall follow the conventions of refs.0. 

Let if) and <f> be real Grassmann odd and even valuables, respectively, (even though 
the statistics are not necessarily determined, ) the Benn- Tucker model is described by 
the action 

S = Jz S o (4>4ijB + 0d(d+$)4>) . (2) 

Sp(ip) means the p-form part of if), z = ^fgdx 1 ■ ■ -dx n is the volume n-form and B is 
some covariantly constant form which satisfies B = (t]B = —B. Here automorphism rj 
and antiautomorphism ( are defined by 

nSM = (-i) p sM , (3) 

CSM = (-lpS p (<f>) . (4) 

We have also defined as /ft = — C^C which satisfies dip = flip. In two dimensions, for 
example, this action describes a scalar particle, a pseudoscalar particle, a vector particle 
and two spin-| particles. 

In any dimensions this action (fj) is invariant under the following supersymmetry-like 
transformations: 

Q a if) = {d+fl)cj) ± a, (5) 
Q a <f> ± = {if)Ba) ± , (6) 
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where the parameter a is a Grassmann odd covariantly constant form, and <j>± = (l±r/)0 
is the even (odd) form part. This action is also invariant under gauge transformations 



0+ — > 0+ + d*a- , (7) 
4>- — > 4>- + da + , (8) 

for some even (odd) covariantly constant form a±. 

In four dimensions, if we suppose that the fermionic forms if), a and (3 are all in a 
minimal left ideal of some projection operator P which satisfies PB = BP, i.e., ifiP = P 
and so on, the commutator of these transformations produces a parallel transport 
modulo gauge transformations (0) and (§): 

[Qa, Qts] = L K . (9) 

Here K denotes a Killing vector which is dual to —AS\{aBj3) and Lk denotes the Lie 
derivative along the direction of K. That is, the transformations (gD and @ satisfy the 
ordinary N = 1 super algebra. 

Although the off-shell closure (§) of superalgebra of four- dimensional Benn- Tucker 
model completely depends on its dimensionality 0, we can obtain similar superalgebra 
in its two-dimensional version after a slight modification. There we do not need to split 
the bosonic field <ft into even and odd parts. Then supersymmetric transformations take 
the following forms: 

Q a i\) = {d+fl)<f)a, (10) 
Qa4> = ^Ba. (11) 

If ip, a and (3 are all in a minimal left ideal, the commutator also produces a parallel 
transport modulo gauge transformations. That is, it produces 

[Qa, W = -ASoiaBpdx")^ (12) 

for the fermionic field if), and 

[Qa,Q/3]<f> = -ASoiaBfidx^cf) 



+4d 



(SxiaBp) + S 2 (aB(3))] + Ad* [(f) (S x (aB0) + S 2 (aBf3) 



(13) 



for the bosonic field 0. 

Since two-dimensional Kahler fields contain two degenerated fermion species, one 
may hope the model should possess N = 2 supersymmetry without restriction on 
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fermionic variables to a minimal left ideal. Unfortunately it is not the case in a naive 
way, for the off-shell closure of two-dimensional superalgebra is due to the fact that the 
transformations ( ID ) and flTTp contain the full bosonic degrees of freedom in comparison 
with the four-dimensional ones using only a half of bosonic degrees. Therefore, in order 
to offer the sufficient bosonic degrees of freedom for N = 2 supersymmetry, we must 
introduce a bosonic field <p, and add a new term to the action (0). Now the action 



S = Jz S (^dipB + (f></l(</l+$)(f) + <p$(d-$)<p 
has additional field equations 



d*dip^ 
dd*(p. 








which yield a new gauge invariance under transformations 



ip + + da- , 
if - + d*a + . 



(14) 



(15) 
(16) 



(17) 
(18) 



Then we can find a new type of supersymmetric transformations which leaves the action 
invariant: 



Q a tp = (d+$)<pa + (jj- 
Q a (j) = ipBa , 
Q a ip = -ipB 2 a . 

In this case, if we suppose B 2 = 1, we have N = 2 superalgebra: 



(19) 
(20) 
(21) 



[Qa,Qp}lp 



[Qc 



-AS^aBfidx^V^ 

-4 SoKWa^W 



(22) 



i=l,2 



4 SaiaiBPidaf)^ 

i=l,2 

+Ad [(pS (aj3) + (SitaBfi) + S 2 (aBfi) 
+Ad* [pSo(ap) + (j) (S^aBP) + S 2 (aBfi) 
4 £ SofaBPidx")^ 

i=l,2 

-Ad [(j)S (aP) + if (StiaBp) + S 2 (aBfi)) 
<pS {afi) + <p (S^aBP) + S 2 (aBp) 



(23) 



-Ad 



(24) 
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Here = aPi and /3j = f3Pi are minimal left ideals for some projection operators Pi 
and Pi = 1 — Pi which satisfy PiB = BP{. Namely, as well as the fermion field ip, all 
fermionic parameters generically have two-fold degeneracy. That is a possible origin of 
N = 2 supersymmetry, as has already been suggested by Scott 0. 

Here we have proposed a model with N = 2 supersymmetry, which might have its 
origin in the inherent multiplicity of fermion species of Kahler fields. Similar investi- 



gations in higher dimensions together with Kaluza-Klein context for Kahler fields |20 
are attractive tasks. Application of this model to lattice theories is also intriguing and 
will be discussed elsewhere P3|. Another interesting possibility is an attempt |55| to 
extend global supersymmetry of models with Kahler fields into local one. This problem 
is closely related with the peculiar nature of Kahler fields in curved space-time [§], ||, |2(| 
and (non-)existence of a covariantly constant Killing vector in general curved space- 
time |7], [26j. The naive KDE should be modified appropriately there. However, we 
hope that the investigation along this line should bring us a new insight into a relation 
between Fermi-Bose symmetry and geometrical property of space-time manifold. 
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Note added. After completing this work, I was informed of a series of papers |27 



in which similar, but different supersymmetric models are proposed both in continuum 
and lattice theories. 
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